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Abstract
We introduce a new concept, which is called special refinements. We illustrate that this concept
plays certain roles to study normality of products. In fact, several known results concerning normality
of products follow from our results as their corollaries. Ó 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
In the present paper, we consider the three problems for a product space X× Y :
(I) When is the normality of X× Y equivalent to its countable paracompactness?
(II) When does the normality of X× Y imply its collectionwise normality?
(III) Assume that the factors X and Y have a covering property (such as paracompact-
ness, etc.). When does X× Y have the same property?
For the problem (I), Morita (see [6]) and Rudin and Starbird [19] established the
equivalence of normality and countable paracompactness in the products with a metric
factor. Hoshina [4] extended this results by replacing a metric factor with a Lašnev factor.
Junnila and Yajima [9] introduced the concept of LF-netted spaces, and proved that the
equivalence is established in the products with an LF-netted factor. Recently, Mizokami
and Shimane [11] has shown that every Lašnev space is LF-netted. As a consequence,
Junnila and Yajima’s result turns out an extension of Hoshina’s.
The problem (II) is considered here as more generalized form:
(II′) Let S be a closed set in X × Y . When is S P -embedded in X × Y if it is C-
embedded in X× Y ?
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Yamazaki [21–23] has recently obtained several results related to the problems (II) and
(II′) for the products of a Σ-space and a P -space. For the problem (III), there were also
several known results for the products of a Σ-space and a P -space (see [1,10,16]).
The purpose of this paper is to introduce a new concept and to illustrate its usefulness.
In Section 2, we introduce the new concept called special refinements, and prove that the
products with a stratifiable or LF-netted factor and the products of a Σ-space and a P -
space have certain properties in terms of special refinements.
In Sections 3–5, we consider the problems (I)–(III), respectively, on the products with
the properties by special refinements. All this while, these problems have been considered
on the products with a stratifiable or LF-netted factor and on the products of a Σ-space
and a P -space in their own ways. However, in this paper, we can uniformly deal with these
products, using only the concept of special refinements, though the definition seems to be
somewhat artificial. Thus many known results are obtained as corollaries from our results.
The surveys [1,18] are very convenient to refer for the problems (I) and (III). The
undefined terminologies here are seen in [1,9,18].
Throughout this paper, all spaces are assumed to be regular T1-spaces. For a product
space X× Y , the both factors X and Y are assumed to be non-empty.
2. Special refinements
Let X × Y be a product space. For F ⊂ X and G ⊂ X × Y , we denote by WF,G the
maximal open set in Y such that F ×WF,G ⊂G, that is, let
WF,G =
⋃
{V : V is an open set in Y with F × V ⊂G}.
Using this notation, we introduce a new concept as follows:
Definition. Let G be an open cover of X× Y . We say that
H= {F ×WF,G: F ∈F andG ∈ G}
is a special refinement of G if
(1) F is a σ -locally finite closed cover of X,
(2) there is a closed cover {KF : F ∈F} of Y such that
(i) KF ⊂⋃{WF,G: G ∈ G} for each F ∈F , and
(ii) {F ×KF : F ∈F} covers X× Y .
For convenience’ sake, such a {KF : F ∈ F} satisfying (2) is called a special cover of Y
forH. It follows from (2) thatH covers X× Y , henceH is a refinement of G.
When G is an open cover of X × Y indexed as G = {Gα : α ∈ κ}, each WF,Gα is
abbreviated by WF,α .
Remarks.
(1) The name of special refinements comes from the same one in [13]. In fact, these two
special refinements are similar in some sense.
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(2) Note that the space X is subparacompact in almost all our results (see Proposi-
tion 2.5 below). If X is subparacompact, then the “σ -locally finite” in (1) of the
definition can be strengthen by “σ -discrete” (see Lemma 5.7 below).
Recall that a space is stratifiable if it has a σ -cushioned pair-base. A space is LF-netted
if it has an LF-regular (= regular) and σ -locally finite net.
The following is a motivation of our special refinements (see [9, Lemma 3.1]).
Proposition 2.1 [9]. Let X is a stratifiable space or an LF-netted space. If X × Y is
countably paracompact, every open cover of X× Y has a special refinement.
We defined “HCP-netted spaces” in [9] as an analogous concept to LF-netted spaces.
Now, we restate the definition.
Let X be a space and A a collection of subsets in X. Recall that A is HCP (hereditarily
closure-preserving) at x ∈X if for each BA ⊂A ∈A, x ∈⋃{BA: A ∈A} implies x ∈ BA0
for some A0 ∈A. In particular,A is HCP if A is HCP at each point of X.
A collection of F of closed sets in X is HCP-regular if for each open set U in X,
{F ∈ F : F 6⊂U} is HCP at each point of U . A space X is said to be HCP-netted [9] if X
has an HCP-regular and σ -HCP (closed) net.
The class of LF-netted spaces and the class of HCP-netted spaces are preserved under
perfect maps and closed maps, respectively (see [9, Proposition 1.10]).
Theorem 2.2. Let X be an HCP-netted space. If X × Y is normal, every open cover of
X× Y has a special refinement.
Proof. The proof is obtained by a modification of the proof of [9, Theorem 2.2].
Let G = {Gα: α ∈ κ} be an open cover of X× Y . Let F =⋃i∈ωFi be an HCP-regular
closed net of X, where each Fi is HCP in X. Let
F∗i =
{
F ∈Fi : F is not a discrete set
}
for each i ∈ ω, and let F∗ =⋃i∈ωF∗i . Let
Si =
{
x ∈X: Fi is not locally finite at x
}
for each i ∈ ω. Take an i ∈ ω and fix it. By [9, Lemma 2.1], the set Si is closed and σ -
discrete inX. Since Si is aGδ-set, we can write Si =⋂j∈ω Oij , where eachOij is an open
set in X. Let Fj = F \Oij for each F ∈ F∗i and each j ∈ ω. Let F∗ij = {Fj : F ∈F∗i } for
each j ∈ ω. Then each F∗ij is locally finite in X. Let Ei =
⋃
(Fi \F∗i ). Since Fi is HCP,
note that the set Ei is closed discrete in X. Here we put
F ′ =
(⋃
{F∗ij : i, j ∈ ω}
)
∪
(⋃{{x}: x ∈ Si ∪Ei and i ∈ ω}).
Then F ′ is a σ -locally finite closed cover of X. It is clear that WF,α ⊂WFj ,α for each
Fj ∈ F∗ij , j ∈ ω, and α ∈ κ . Moreover, we have that W{x},α = {y ∈ Y : 〈x, y〉 ∈ Gα} for
each x ∈ Si ∪Ei, i ∈ ω, and α ∈ κ .
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Now, assume that there is a closed cover {KF : F ∈F∗} of Y such that
(i) KF ⊂⋃{WF,α : α ∈ κ} for each F ∈F∗, and
(ii) {F ×KF : F ∈F∗} covers (X \⋃i∈ω(Si ∪Ei))× Y .
Let H = {F ′ ×WF ′,α: F ′ ∈ F ′ and α ∈ κ}. Let KFj = KF for each Fj ∈ F∗ij , i, j ∈ ω,
and let K{x} = Y for each x ∈ Si ∪Ei, i ∈ ω. Then it is easy to verify that {KF ′ : F ′ ∈F ′}
is a special cover of Y forH. HenceH is a special refinement of G. It remains to show the
existence of such {KF : F ∈F∗}.
As in the proof of [9, Theorem 2.2] (essentially [19, Lemma]), there is a subset
{pF ,qF : F ∈ F∗} in X such that {pF ,qF } ⊂ F for each F ∈ F∗ and all pF ’s and
qF ’s are distinct. For each F ∈ F∗, let CF = Y \ ⋃{WF,α : α ∈ κ}, and let AF =
{pF } ×CF and BF = {qF } ×CF . We put
A=
⋃
{AF : F ∈F∗} and B =
⋃
{BF : F ∈F∗}.
Claim 1. A and B are disjoint closed sets in X× Y .
Proof. It is clear that A and B are disjoint. We show that A is closed in X × Y . Pick
any 〈x, y〉 ∈X × Y \A. Choose β ∈ κ with 〈x, y〉 ∈Gβ . Take a basic open neighborhood
U × V of 〈x, y〉 in X × Y with U × V ⊂Gβ . Let D = U ∩ {pF : F ∈ F∗ with F 6⊂ U}.
Since {F ∈F∗: F 6⊂ U} is HCP at each point of U , the set D is discrete in U . There is an
open neighborhoodW of x such that W ⊂ U and W ∩D ⊂ {x}. Let O = (W × V ) \AFx
if x ∈ {pF : F ∈F∗}, where Fx ∈F∗ with x = pFx . Let O =W ×V if x /∈ {pF : F ∈F∗}.
ThenO is an open neighborhood of 〈x, y〉. We show thatO ∩A= ∅. Assume the contrary.
There is an F0 ∈F∗ with O ∩AF0 6= ∅. Pick a 〈u,v〉 ∈O ∩AF0 . Assuming x = pF0 , since
u= pF0 ∈W , we have 〈u,v〉 ∈O = (W ×V ) \AFx . This contradicts 〈u,v〉 ∈AF0 =AFx .
Hence we have x 6= pF0 . Note that u = pF0 /∈ D. By the choice of D, we have F0 ⊂ U .
Since F0 × V ⊂ U × V ⊂ Gβ , it follows that v ∈ V ⊂ WF0,β ⊂ X \ CF0 . On the other
hand, since 〈u,v〉 ∈ AF0 = {pF0} × CF0 , it follows that v ∈ CF0 . This is a contradiction.
Similarly, B is closed in X× Y . 2
Since X× Y is normal, there are open sets P and Q in X× Y such that A⊂ P , B ⊂Q
and P ∩Q= ∅. For each F ∈F∗, let
MF = Y \ pi
(
(F × Y )∩Q), NF = Y \ pi((F × Y )∩ P ),
where pi denotes the projection of X× Y onto Y , and let KF =MF ∪NF . Since MF and
NF are closed in Y , so is KF . Now, to complete the proof, it suffices to show the following
two claims.
Claim 2. KF ⊂⋃{WF,α : α ∈ κ} for each F ∈F∗.
Proof. Assume that there is y ∈ KF \⋃{WF,α : α ∈ κ} = KF ∩ CF . We may assume
y ∈MF . Since (F × {y}) ∩Q= ∅ and qF ∈ F , it follows that 〈qF , y〉 /∈Q. On the other
hand, we have 〈qF , y〉 ∈ {qF } ×CF = BF ⊂ B ⊂Q. This is a contradiction. 2
Claim 3. {F ×KF : F ∈F∗} covers (X \⋃i∈ω(Si ∪Ei))× Y .
Y. Yajima / Topology and its Applications 104 (2000) 293–308 297
Proof. Pick any 〈x, y〉 ∈X×Y with x /∈⋃i∈ω(Si ∪Ei). Since P ∩Q= ∅, we may assume
that 〈x, y〉 /∈Q. There is a basic open neighborhood U × V of 〈x, y〉 in X × Y such that
(U × V ) ∩Q= ∅. There is m ∈ ω and F ∈Fm with x ∈ F ⊂ U . By x ∈ F \Em, we have
F ∈ F∗m ⊂ F∗. Moreover, since (F × {y})∩Q= ∅, it follows that y ∈MF ⊂KF . Hence
we obtain 〈x, y〉 ∈ F ×KF . 2
Theorem 2.3. Let X be an HCP-netted space. If X × Y is countably paracompact, every
open cover of X× Y has a special refinement.
Proof. Let G = {Gα : α ∈ κ},F = ⋃i∈ωFi ,F∗ = ⋃i∈ωF∗i , {Si : i ∈ ω}, {Oij : i, j ∈
ω},F∗ij = {Fj : F ∈ F∗i }, i, j ∈ ω, and {Ei : i ∈ ω} be defined as in the proof of
Theorem 2.1. Let Di = {x ∈ X: ⋃j6i Fj is a net at x} for each i ∈ ω. Since X is T1
and
⋃
j6i Fj is HCP, it follows that each Di is a closed discrete set in X. Here we set
F ′ =
(⋃
{F∗ij : i, j ∈ ω}
)
∪
(⋃{{x}: x ∈ Si ∪Ei ∪Di and i ∈ ω}),
which is a σ -locally finite closed cover of X.
In order to show that {F ′ ×WF ′,α : F ′ ∈ F ′ and α ∈ κ} is a special refinement of G, it
suffices to show similar as the above that there is a closed cover {KF : F ∈F∗} of Y such
that
(i) KF ⊂⋃{WF,α : α ∈ κ} for each F ∈F∗, and
(ii) {F ×KF : F ∈F∗} covers (X \⋃i∈ω(Si ∪Ei ∪Di))× Y .
As in the proof of [9, Theorem 2.2] (essentially [19, Lemma]), there is a subset {pF : F ∈
F∗} in X such that pF ∈ F for each F ∈F∗ and all pF ’s are distinct. For each F ∈F∗, let
CF = Y \⋃{WF,α : α ∈ κ}, and let AF = {pF }×CF . We putAi =⋃{AF : F ∈⋃j>i F∗j }
for each i ∈ ω. It is clear that the sequence {Ai} is decreasing and has empty intersection.
Claim 1. Each Ai is a closed set in X× Y .
The proof is similar to that of Claim 1 in the proof of Theorem 2.1. So we omit it.
Since X × Y is countably paracompact, there is a decreasing sequence {Pi : i ∈ ω}
of open sets in X × Y such that Ai ⊂ Pi for each i ∈ ω and ⋂i∈ω Pi = ∅. For each
F ∈F∗i , i ∈ ω, let KF = Y \ pi((F × Y )∩Pi). Then each KF is a closed set in Y .
Claim 2. KF ⊂⋃{WF,α : α ∈ κ} for each F ∈F∗.
The proof is also similar to that of Claim 2 in the proof of Theorem 2.1.
Claim 3. {F ×KF : F ∈F∗} covers (X \⋃i∈ω(Si ∪Ei ∪Di))× Y .
Proof. Pick any 〈x, y〉 ∈X×Y with x /∈⋃i∈ω(Si ∪Ei ∪Di). Find k ∈ ω with 〈x, y〉 /∈ Pk .
There is a basic open neighborhoodU ×V of 〈x, y〉 in X×Y such that (U ×V )∩Pk = ∅.
By x /∈Dk , note that⋃j>kFj is a net at x . So there ism> k and F ∈Fm with x ∈ F ⊂U .
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By x ∈ F \Em, we have F ∈F∗m ⊂F∗. Moreover, since (F ×{y})∩Pm ⊂ (U×V )∩Pk =
∅, it follows that y ∈KF . Hence we obtain 〈x, y〉 ∈ F ×KF . 2
Moreover, we state several easy results, some of which will be often used in the latter
sections.
Recall that a coverA of a set S is well-monotone if A is well-ordered by inclusion. The
following is easy (e.g., see [20, Lemma 2.4]).
Lemma 2.4. A space is subparacompact (respectively, countably metacompact, subnor-
mal) if and only if every well-monotone (respectively, countable increasing, binary) open
cover of it has a σ -locally finite closed refinement.
Using Lemma 2.4, we have
Proposition 2.5. If every well-monotone (respectively, countable increasing, binary) open
cover ofX×Y has a special refinement, thenX is subparacompact (respectively, countably
metacompact, subnormal).
Recall that a cover A of a set S is directed if for any A,A′ ∈A, there is A′′ ∈A with
A∪A′ ⊂A′′.
For a directed open coverU of a spaceX, note that each compact subset inX is contained
in some member of U . Since a σ -locally compact, subparacompact space has a σ -locally
finite (or σ -discrete) closed cover by compact sets, the following is easy to see.
Proposition 2.6. Let X be a σ -locally compact space. Then every directed open cover of
X× Y has a special refinement if and only if X is subparacompact.
The concepts of P -spaces and σ -spaces were introduced by Morita [12] and Okuyama
[17], respectively. The following is proved by the standard argument in [15].
Proposition 2.7. If X is a σ -space and Y is a P -space, then every open cover of X × Y
has a special refinement.
The concept of (strong)Σ-spaces was introduced by Nagami [16]. The following is also
proved by the similar way as above (see [16]).
Proposition 2.8. If X is a strong Σ-space and Y is a P -space, then every directed open
cover of X× Y has a special refinement.
Note that Proposition 2.8 is slightly generalized as follows:
Proposition 2.8′. Let X be a strong Σ-space and let Y be a P -space. Then every open
cover G of X× Y such that each compact subset of the form K × {y} is contained in some
member of G has a special refinement.
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Proposition 2.9. Let f :X→ P and g :Y →Q be perfect maps. If every open cover of
P ×Q has a special refinement, then every directed open cover of X × Y has a special
refinement.
Proof. Let G be a directed open cover of X. Since f × g :X × Y → P ×Q, defined by
(f × g)(x, y)= (f (x), g(y)) for each (x, y) ∈ X × Y , is a perfect map, there is an open
cover H of P × Q such that (f × g)−1(H) refines G. So there is a special refinement
{E ×WE,H : E ∈ E and H ∈H} of H with a special cover {LE : E ∈ E} for it. Then it
is easy to verify that {f−1(E) ×Wf−1(E),G: E ∈ E and G ∈ G} is a special refinement
of G. 2
Since every paracompact p-space is a perfect preimage of a metric space, by
Theorems 2.2, 2.3 and Proposition 2.9, we have
Corollary 2.10. Let X be a paracompact p-space. If X × Y is normal or countably
paracompact, every directed open cover of X× Y has a special refinement.
3. Normality and countable paracompactness
The following has been already proved in [9, Theorem 3.2].
Theorem 3.1 [9]. Let X be a collectionwise normal and perfectly normal space, and let Y
be a normal space. Suppose that every binary open cover ofX×Y has a special refinement.
If X× Y is countably paracompact, then X× Y is normal.
Proposition 3.2. Let Y be a countably metacompact space. If every countable increasing
open cover of X× Y has a special refinement, then X× Y is countably metacompact.
Proof. Let {Gn: n ∈ ω} be a countable increasing open cover of X × Y . Let {F ×
WF,n: F ∈ F and n ∈ ω} be a special refinement of {Gn: n ∈ ω} with a special cover
{KF : F ∈ F} of Y for it. Let F =⋃i∈ωFi , where each Fi is locally finite in X. Take an
F ∈ F . Since KF is closed in Y and WF,n ⊂WF,n+1 for each n ∈ ω, there is a countable
increasing closed cover {LF,n: n ∈ ω} of KF such that LF,n ⊂WF,n for each n ∈ ω. Let
Pn =
⋃
{F ×LF,n: F ∈Fi and i 6 n}
for each n ∈ ω. Then it is easy to see that {Pn: n ∈ ω} is a countable closed cover of X×Y
such that Pn ⊂Gn for each n ∈ ω. Hence X× Y is countably metacompact. 2
By Theorem 3.1 and Proposition 3.2, we have
Corollary 3.3. LetX be a collectionwise normal and perfectly normal space, and let Y be
a normal and countably paracompact space. Suppose that every countable open cover of
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X × Y has a special refinement. Then X × Y is normal if and only if X × Y is countably
paracompact.
By Theorems 2.2 and 2.3 and Corollary 3.3, we obtain an extension of [9, Corollary 3.3].
Corollary 3.4. Let X be a paracompact HCP-netted space and Y a normal and countably
paracompact space. Then X×Y is normal if and only if X×Y is countably paracompact.
Moreover, by Corollary 3.4, the following is obtained by the same way as the proof of
[19, Theorem 3*].
Corollary 3.5. Let X be a paracompact HCP-netted space and C a compact space. If
X× Y and Y ×C are normal, then X× Y ×C is normal.
By Proposition 2.7 and Corollary 3.3, we have
Corollary 3.6 [4]. LetX be a paracompact σ -space and Y a normal P -space. ThenX×Y
is normal if and only if X× Y is countably paracompact.
4. C-embedding and P -embedding
LetA be a subspace of a space X. Recall thatA is C-embedded in X if every continuous
function on A can be extended to a continuous function over X. Recall that A is P -
embedded in X if, for every locally finite cozero cover U of A, there is a locally finite
cozero cover V of X such that {V ∩ A: V ∈ V} refines U . It is well known that A is
C-embedded in X if A is P -embedded in X.
Let us begin with the following, which is essentially due to [14, Theorem 2.4].
Lemma 4.1. Let X be a space and A a subspace of X. Let A be C-embedded in X. If for
every discrete collections D of zero-sets in A such that ⋃D′ is a zero-set in A for each
D′ ⊂D, there is a σ -locally finite collection H of cozero-sets in X such that ⋃D ⊂⋃H
and each member of H meets at most finitely many members of D, then A is P -embedded
in X.
Proof. Let {Bα : α ∈ κ} and {Dα : α ∈ κ} be any two discrete collections of cozero-sets
and zero-sets, respectively, in A such that Dα ⊂ Bα for each α ∈ κ . Let D = {Dα : α ∈ κ}.
By [14, Lemma 2.3], D satisfies the above assumption. In particular, ⋃D is a zero-set in
A. So we can take a zero-set Z′ in X with Z′ ∩A=⋃D. Let Z′′ =Z′ \⋃H. Since ⋃H
is a cozero-set in X with
⋃D ⊂⋃H, Z′′ is a zero-set in X disjoint from A. Since A and
Z′′ are completely separated in X, there is a cozero-set W in X such that Z′′ ⊂ W and
W ∩A= ∅. Let Z =Z′ \W . Then Z is a zero-set in X with Z ∩A=⋃D and Z ⊂⋃H.
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SoH∪{X\Z} is a normal cover ofX. There is a locally finite refinement G ofH∪{X\Z}.
For each α ∈ κ , take a cozero-set B∗α in X such that B∗α ∩A= Bα . Let
Uα =
(⋃{
G ∈ G: G∩Dα 6= ∅
}) ∩B∗α for each α ∈ κ.
Then each Uα is a cozero-set in X such that Dα ⊂ Uα ∩ A ⊂ Bα . Note that each G ∈ G
meets at most finitely many members ofD. Since G is locally finite inX, so is {Uα: α ∈ κ}.
Hence it follows from [14, Theorem 2.4] that A is P -embedded in X. 2
Theorem 4.2. Let X be a paracompact space and let Y be a collectionwise normal space.
Suppose that every open cover of X× Y has a special refinement. Let S be a closed set in
X× Y . Then S is P -embedded in X× Y if and only if S is C-embedded in X× Y .
Proof. Let D = {Dα : α ∈ κ} be a discrete collection of zero-sets in S such that ⋃α∈ΛDα
is a zero-set in S for each Λ⊂ κ . Let
Gα =X× Y \
⋃
{Dβ : β ∈ κ with β 6= α}
for each α ∈ κ , and let G = {Gα: α ∈ κ}. Since D is discrete in X × Y , G is an open
cover of X × Y . There is a special refinement {F ×WF,α : F ∈ F and α ∈ κ} of G with a
special cover {KF : F ∈ F} of Y for it. Since X is paracompact, there is a σ -locally finite
collection {UF : F ∈F} of open sets in X such that F ⊂UF for each F ∈F . Now, take an
F ∈F and fix it. Let
PF,α =KF \
⋃
{WF,β : β ∈ κ with β 6= α}
for each α ∈ κ . Then {PF,α : α ∈ κ} is a discrete collection of closed sets in Y such
that PF,α ⊂ WF,α for each α ∈ κ . Since Y is collectionwise normal, there is a discrete
collection {VF,α : α ∈ κ} of cozero-sets in Y such that PF,α ⊂ VF,α for each α ∈ κ . Since
Gα ∩ S = S \⋃β 6=α Dβ is a cozero-set in S, there is a cozero-set Hα in X × Y such that
Hα ∩ S =Gα ∩ S for each α ∈ κ . Here, we put
H= {(UF × VF,α)∩Hα: F ∈F and α ∈ κ}.
ThenH is a σ -locally finite collection of cozero-sets inX×Y such that each member ofH
meets at most one member of D. By Lemma 4.1, it suffices to show that ⋃D ⊂⋃H. Pick
any 〈x, y〉 ∈⋃D. There is γ ∈ κ and F0 ∈ F such that 〈x, y〉 ∈Dγ ∩ (F0 ×KF0). Then
we obtain y ∈ PF0,γ . Indeed, assuming that y ∈ KF0 \ PF0,γ , we find δ ∈ κ with δ 6= γ
and y ∈WF0,δ . Then we have 〈x, y〉 ∈ F0 ×WF0,δ ⊂Gδ ⊂ X × Y \Dγ . This contradicts
〈x, y〉 ∈Dγ . On the other hand, we have 〈x, y〉 ∈Dγ ⊂ Gγ ∩ S =Hγ ∩ S ⊂Hγ . Hence
we conclude that
〈x, y〉 ∈ (F0 × PF0,γ )∩Hγ ⊂ (UF0 × VF0,γ )∩Hγ ∈H. 2
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Recall the fact that a space X is normal (respectively, collectionwise normal) iff each
closed set is C-embedded (respectively, P -embedded) in X. So Theorem 4.2 immediately
yields
Corollary 4.3. Let X be a paracompact space and let Y be a collectionwise normal
space. Suppose that every open cover of X × Y has a special refinement. Then X × Y
is collectionwise normal if and only if X× Y is normal.
Theorems 2.2 and Corollary 4.3 immediately yield an extension of [4, Theorem 2.7].
Moreover, note that this is also obtained as a corollary to Corollary 3.5.
Corollary 4.4. Let X be a paracompact HCP-netted space and Y a collectionwise normal
space. Then X× Y is collectionwise normal if and only if X× Y is normal.
Theorem 4.5. Let X be a paracompact space and let Y be a collectionwise normal and
countably paracompact space. Suppose that every directed open cover of X × Y has a
special refinement. Let S be a closed set in X× Y . Then S is P -embedded in X× Y if and
only if S is C-embedded in X× Y .
Proof. Let D = {Dα : α ∈ κ} be a discrete collection of zero-sets in S such that ⋃α∈ΛDα
is a zero-set in S for each Λ⊂ κ . For each λ ∈ [κ]<ω, let
Gλ =X× Y \
⋃
{Dβ : β ∈ κ \ λ},
and let
G = {Gλ: λ ∈ [κ]<ω}.
Then G is a directed open cover of X × Y . There is a special refinement {F ×WF,λ: F ∈
F and λ ∈ [κ]<ω} of G with a special cover {KF : F ∈F} of Y for it. There is a σ -locally
finite collection {UF : F ∈ F} of open sets in X such that F ⊂ UF for each F ∈ F . Now,
take an F ∈F and fix it. Let
PF,λ =
{
y ∈KF : (F × {y})∩Dα 6= ∅ iff α ∈ λ
}
for each λ ∈ [κ]<ω. As is seen in the proof of [22, Theorem 2.2], {PF,λ: λ ∈ [κ]<ω} is
locally finite in Y . Indeed, pick y ∈ KF . Choose ζ ∈ [κ]<ω with y ∈WF,ζ . Assume that
we can pick z ∈WF,ζ ∩PF,λ. For each α ∈ λ, we have
∅ 6= (F × {z})∩Dα ⊂ (F ×WF,ζ )∩Dα ⊂Gζ =X× Y \⋃{Dβ : β /∈ ζ },
which implies α ∈ ζ . So we obtain λ ⊂ ζ . Hence {PF,λ: λ ∈ [κ]<ω} is locally finite at y .
By the assumption of Y , there is a locally finite collection {VF,λ: λ ∈ [κ]<ω} of cozero-sets
in Y such that PF,λ ⊂ VF,λ for each λ ∈ [κ]<ω. There is a cozero-set Hλ in X × Y such
that Hλ ∩ S =Gλ ∩ S for each λ ∈ [κ]<ω. Here, we put
H= {(UF × VF,λ)∩Hλ: F ∈F and λ ∈ [κ]<ω}.
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Then H is a σ -locally finite collection of cozero-sets in X × Y . Since Hλ ∩ Dα 6= ∅ iff
α ∈ λ, each member ofH meets at most finitely many members of D.
By Lemma 4.1, it suffices to show that H covers S. Pick any 〈x, y〉 ∈ S. There is
F0 ∈ F with 〈x, y〉 ∈ F0 × KF0 . Find µ ∈ [κ]<ω with y ∈ WF0,µ. Since F0 × {y} ⊂
F0 ×WF0,µ ⊂ Gµ = X × Y \
⋃
α/∈µDα , it follows that y ∈ PF0,ξ for some ξ ⊂ µ. Note
that F × PF,λ ⊂Gλ for each F ∈F and each λ ∈ [κ]<ω. Hence we conclude that
〈x, y〉 ∈ (F0 × PF0,ξ )∩ S ⊂ (UF0 × VF0,ξ )∩Gξ ∩ S
⊂ (UF0 × VF0,ξ )∩Hξ ∈H. 2
By Theorem 4.5, we obtain
Corollary 4.6. Let X be a paracompact space and let Y be a collectionwise normal and
countably paracompact space. Suppose that every directed open cover of X × Y has a
special refinement. Then X× Y is collectionwise normal if and only if X× Y is normal.
By Proposition 2.8 and Theorem 4.5, we obtain
Corollary 4.7. Let X be a paracompact Σ-space and let Y be a collectionwise normal
P -space. Let S be a closed set in X× Y . Then S is P -embedded in X× Y if and only if S
is C-embedded in X× Y .
Moreover, by Corollary 4.7, we have
Corollary 4.8 [22]. Let X be a paracompact Σ-space and let Y be a collectionwise
normal P -space. Then X× Y is collectionwise normal if and only if X× Y is normal.
A subset A in a space X is C∗-embedded in X if every continuous bounded function on
A can be extended to a continuous function over X.
Proposition 4.9. LetX be a paracompact space and Y a normal space. Suppose that every
binary open cover of X × Y , either one member of which contains each X × {y}, has a
special refinement. Let A be a C-embedded subset in Y . Then X × A is C-embedded in
X× Y if and only if X×A is C∗-embedded in X× Y .
Proof. Let Z be a zero-set in X× Y disjoint from X×A. It suffices to show that there is
a cozero-set G in X× Y such that Z ⊂G and (X×A)∩G= ∅. Let
G = {X× (Y \A),X× Y \Z}.
As stated in the proof of [21, Theorem 1.2], we have (X × A) ∩ Z = ∅. So G is a
binary open cover of X × Y which satisfies our assumption. There is a special refinement
{F ×WF,i : F ∈ F and i ∈ 2} of G with a special cover {KF : F ∈ F} of Y for it, where
let WF,0 = Y \A and (F ×WF,1) ∩Z = ∅ for each F ∈F . Let F ∈F . Since Y is normal
and KF is a closed set in X contained in (Y \ A) ∪WF,1, there is a binary closed cover
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{KF,0,KF,1} of KF such that KF,0 ⊂ Y \ A and KF,1 ⊂WF,1. Since Y is normal again,
there is a cozero-set VF in Y withKF,0 ⊂ VF ⊂ Y \A. There is a σ -locally finite collection
{UF : F ∈F} of cozero-sets in X such that F ⊂ UF for each F ∈F . Now, we put
G=
⋃
{UF × VF : F ∈F}.
ThenG is a cozero-set inX×Y disjoint fromX×A. Pick 〈x, y〉 ∈ Z. Find an F0 ∈F with
〈x, y〉 ∈ F0×KF0 . Since F0×WF0,1 is disjoint from Z, it follows that 〈x, y〉 /∈ F0×KF0,1.
So we have 〈x, y〉 ∈ F0 ×KF0,0 ⊂UF0 × VF0 ⊂G. Hence we conclude that Z ⊂G. 2
By Propositions 2.8′ and 4.9, we have
Corollary 4.10 [21]. Let X be a paracompact Σ-space and let Y be a normal P -space.
Let A be a C-embedded subset in Y . Then X ×A is C-embedded in X × Y if and only if
X×A is C∗-embedded in X× Y .
5. Five covering properties
Theorem 5.1. LetX and Y be paracompact (respectively, metacompact, subparacompact,
submetacompact) spaces. If an open cover G ofX×Y has a special refinement, then G has
a σ -locally finite open refinement (respectively, σ -point-finite open refinement, σ -locally
finite closed refinement, θ -sequence of open refinements).
Proof. Let G = {Gα: α ∈ κ}. Let {F ×WF,α : F ∈ F and α ∈ κ} be a special refinement
of G with a special cover {KF : F ∈F} of Y for it.
Case 1. Assume that X and Y are paracompact (metacompact).
For each F ∈ F , there is a locally finite (point-finite) collection {VF,α: α ∈ κ} of open
sets in Y such that KF ⊂⋃α∈κ VF,α and VF,α ⊂WF,α for each α ∈ κ . Moreover, there
is a σ -locally finite (σ -point-finite) collection {UF : F ∈ F} of open sets in X such that
F ⊂UF for each F ∈F . Let
H= {(UF × VF,α)∩Gα : F ∈F and α ∈ κ}.
Then it is easy to see that H is a σ -locally finite (σ -point-finite) open refinement of G.
Case 2. Assume that X and Y are subparacompact.
For each F ∈ F , there is a σ -locally finite closed cover {LF,α : α ∈ κ} of KF such that
LF,α ⊂WF,α for each α ∈ κ . Then {F × LF,α : F ∈ F and α ∈ κ} is a σ -locally finite
closed refinement of G.
Case 3. Assume that X and Y are submetacompact.
Let F =⋃i∈ωFi , where each Fi is locally finite in X. Fix an i ∈ ω. There is a sequence
〈Ui,j = {UF,j : F ∈Fi}〉j of collections of open sets, satisfying
(i) F ⊂UF,j for each F ∈Fi and j ∈ ω,
(ii) for each x ∈X, there is jx ∈ ω such that Ui,jx is point-finite at x .
By [3, Theorem 2.1], there is a filterN on ω, satisfying for each F ∈F , there is a sequence
〈VF,n = {VF,α,n: α ∈ κ}〉n of collections of open sets in Y such that
(iii) KF ⊂⋃VF,n for each n ∈ ω,
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(iv) VF,α,n ⊂WF,α for each α ∈ κ and n ∈ ω,
(v) for each y ∈ Y , {n ∈ ω: VF,n is point-finite at y} ∈N .
For each i, j, n ∈ ω, we put
Hi,j,n =
{
(UF,j × VF,α,n)∩Gα : F ∈Fi and α ∈ κ
}
∪
{
G \
⋃
{F ×KF : F ∈Fi}: G ∈ G
}
.
Then it is easy to see that each Hi,j,n covers X × Y . Pick 〈x, y〉 ∈ X × Y . Find i0 ∈ ω
with 〈x, y〉 ∈⋃{F ×KF : F ∈ Fi0}. Find j0 ∈ ω such that Ui0,j0 is point-finite at x . Let
{F0, . . . ,Fm} = {F ∈ Fi0 : x ∈ UF,j0}. Since N is a filter on ω, by (v), one can choose
n0 ∈ ω such that VFk,n0 is point-finite at y for each k 6m. Then Hi0,j0,n0 is point-finite at
〈x, y〉. Hence 〈Hi,j,n〉 is a θ -sequence of open refinements of G. 2
By Theorem 5.1 and [7, Corollary 3.5], we immediately have
Corollary 5.2. LetX and Y be paracompact spaces. If every directed open cover ofX×Y
has a special refinement, then X× Y is paracompact.
Remark. There are many products whose some open cover has no special refinements.
As such an example, by Corollary 5.2, we have only to take a non-paracompact product of
two paracompact spaces.
Corollary 5.3. Let X and Y be metacompact spaces. If every well-monotone open cover
of X× Y has a special refinement, then X× Y is metacompact.
Proof. Since Y is countably metacompact and every countable increasing cover is well-
monotone, it follows from Proposition 3.2 that X× Y is countably metacompact. Hence it
follows from Theorem 5.1 that every well-monotone open cover ofX×Y has a point-finite
open refinement. By [7, Theorem 2.1], X× Y is metacompact. 2
Proposition 2.8 and Corollaries 5.2 and 5.3 yield
Corollary 5.4 [10,16]. Let X be a Σ-space and let Y be a P -space. If X and Y
are paracompact (respectively, metacompact), then X × Y is paracompact (respectively,
metacompact).
Moreover, we have
Corollary 5.5. Let Y be subparacompact (respectively, submetacompact) spaces. If
every well-monotone open cover of X × Y has a special refinement, then X × Y is
subparacompact (respectively, submetacompact).
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This immediately follows from Proposition 2.5, Theorem 5.1 and Lemma 2.4 (or [8,
Proposition 4.1]). So Proposition 2.8 and Corollary 5.5 yield
Corollary 5.6 [1,10]. Let X be a strong Σ-space and let Y be a P -space. If Y
is subparacompact (respectively, submetacompact), then X × Y is subparacompact
(respectively, submetacompact).
Lemma 5.7. Let X be a subparacompact space and G an open cover of X × Y . If G has
a special refinement, then G has also a special refinement {E ×WE,G: E ∈ E and G ∈ G}
such that E is a σ -discrete closed cover of X.
Proof. Let {F ×WF,G: F ∈ F and G ∈ G} be a special refinement of G with a special
cover {KF : F ∈ F} of Y for it. Let F =⋃n∈ωFn, where each Fn is locally finite in X.
Since X is subparacompact, for each n ∈ ω, there is a σ -discrete closed cover Dn of X
such that each D ∈ Dn meets at most finitely members of Fn. For each D ∈ Dn, n ∈ ω,
let {F ∈ Fn: F ∩ D 6= ∅} = {Fk(D): k 6 mD}, and let Fk(D) = ∅ for each k > mD .
Let En,k = {Fk(D) ∩D: D ∈ Dn} for each n, k ∈ ω, and let E =⋃n,k∈ω En,k . Then E is
a σ -discrete closed cover of X. Let H = {E ×WE,G: E ∈ E and G ∈ G}. Now, we let
KE =KFk(D) for each E = Fk(D) ∩D ∈ En,k and each n, k ∈ ω. Since it is easy to check
that {E×KE : E ∈ E} coversX× Y , {KE: E ∈ E} is a special cover of Y forH. HenceH
is a special refinement of G. 2
A space X is weakly submetacompact (i.e., weakly θ -refinable) [2] if every (directed)
open cover U of X has an open refinement ⋃n∈ω Vn such that for each x ∈X some Vn is
point-finite at x with x ∈⋃Vn (equivalently, only one member of some Vn contains x).
Proposition 5.8. Let Y be a weakly submetacompact space. If every directed open cover
of X× Y has a special refinement, then X× Y is weakly submetacompact.
Proof. Let G = {Gα: α ∈ κ} be a directed open cover of X × Y . There is a special
refinement {F ×WF,G: F ∈ F and G ∈ G} of G with a special cover {KF : F ∈ F} of
Y for it. By Proposition 2.5 and Lemma 5.7, we may let F =⋃n∈ωFn, where each Fn is
discrete in X. For each F ∈ Fn, n ∈ ω, there is a sequence 〈VF,k = {VF,α,k: α ∈ κ}〉k of
collections of open sets in Y such that VF,α,k ⊂WF,α for each α ∈ κ and k ∈ ω, ⋃k∈ω VF,k
covers KF and each y ∈KF is exactly contained in one member of some VF,k . For each
F ∈Fn, n ∈ ω, let
UF =X \
⋃{
F ′ ∈Fn: F ′ 6= F
}
.
For each n, k ∈ ω, we put
Hn,k =
{
(UF × VF,α,k)∩Gα : F ∈Fn and α ∈ κ
}
,
and let H=⋃n,k∈ωHn,k . Pick any 〈x, y〉 ∈X× Y . Take F0 ∈F with 〈x, y〉 ∈ F0 ×KF0 .
Let F0 ∈Fm. There is ` ∈ ω such that y is exactly contained in one member of VF0,`. Then
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it is easy to check that only one member of Hm,` contains 〈x, y〉. Hence X× Y is weakly
submetacompact. 2
Propositions 2.8 and 5.8 yield
Corollary 5.9. Let X be a strong Σ-space and let Y be a P -space. If Y is weakly
subparacompact, then X× Y is weakly subparacompact.
6. Problems
Finally, we give two problems concerning special refinements, which are related to some
unsolved problems raised previously.
Problem 1. Let X be a stratifiable space and Y a countably paracompact space. Does
the normality of X × Y imply that every (countable) open cover of X × Y has a special
refinement?
If Problem 1 would be solved affirmatively, so would be [24, Question 2.12 (a), (b)] by
Corollary 3.3 (and [9, Corollary 3.6]).
Problem 2. Let X be a paracompact σ -space. Do the normality and the countable
paracompactness of X×Y imply that every open cover ofX×Y has a special refinement?
If Problem 2 would be solved affirmatively, so would be [5, Question].
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